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—— Abstract

Constructing reasonable proof systems in the presence of generalized quantifiers is challenging, in

part due to the general lack of sound introduction/elimination rules for such quantifiers. We propose
an alternative approach to the proof theory of generalized quantifiers, using deep inference methods
to circumvent this problem. We show that the quantifiers suitable for a deep inference treatment
are specifically the class of monotone quantifiers, and subsequently present a generic methodology
for designing deep inference proof systems for logics with monotone quantifiers.
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1 Introduction

Generalized quantifiers, as originally introduced by Mostowski [12] and Lindstrém [11], are
a well-known logical formalism used to express quantification beyond the usual quantifiers
V and 3 of modern logic. While these quantifiers enjoy a relatively straightforward notion
of models, their proof theory is considerably more challenging, and consequently much less
studied. Typically, except for specific cases of particular quantifiers, there are no notions of
proof systems for arbitrary generalized quantifiers in general.

This can be explained in part by the difficulty of finding sound inference rules for
generalized quantifiers. Most traditional proof systems for logics with the usual quantifiers V
and 3 make use of some form of introduction/elimination rules, allowing inferences between
term-level statements and generic statements with quantifiers, such as:

_ A(t) y Ve A(z)
JrA(x) A(t)

When dealing with generalized quantifiers, however, these kinds of rules fail in the
overwhelming majority of cases. Consider for example the quantifier "at least k": Q>, =
{A C M ||A] > &} for some cardinal k. From A(t), one cannot infer Q>,xA(z), and from
Q>rrA(z) we cannot say anything about a particular term ¢. Thus, in the framework of
a shallow proof system, when a formula starts with a quantifier that does not have proper
introduction/elimination rules, no inference can be applied.

However, it is still possible to make inferences directly within the quantifiers. Consider
the following valid scheme: Vz(A(z) — B(z)) — (Q>xxA(x) = Q>rzB(x)). It expresses
that if B follows from A, then we can infer Q>,zB(z) from Q> .xA(x).

We argue that these kinds of properties advocate for a treatment of generalized quantifiers
using deep inference methods. Deep inference, initially introduced by Guglielmi [5], is a
formalism in which inference rules can be applied arbitrarily deep within formulae, instead
of only at the top-level connector. In this ongoing work, we show that the quantifiers
that are suitable for a deep inference approach are precisely monotone quantifiers, and
propose a methodology for designing deep proof systems for logics with monotone quantifiers,
circumventing the lack of sound shallow introduction/elimination rules.


mailto:loic.allegre@lirmm.fr
https://orcid.org/0009-0004-5672-016X

Deep Inference Proof Systems for Monotone Quantifiers

2 Monotone Generalized Quantifiers

Generalized quantifiers were introduced by Mostowski [12], and later Lindstrém [11], as an
extension of the concept of quantifiers to generic relations on relations in a model. We start
by giving a brief reminder on the essential definitions and properties of generalized quantifiers
that will be needed in the rest of this paper.

2.1 Basic Definitions

» Definition 1 (Generalized Quantifier). A generalized quantifier of type (k1,...,k,) is a
mapping Q(S) from each non-empty set S to a subset of P(S)¥ x ... x P(S)k=. .

In other words, a quantifier on a set S is simply a n-ary relation over k;-ary relations on

Examples:
1. The type (1) existential quantifier 3 is the mapping;:

S(M) = {AC M| A0}
2. The type (1) quantifier "infinitely many" is:
Q=“(M)={AC M| A is infinite}
3. The type (1,1) quantifier "more ... than ..." is the binary relation:
More(M)={(A,B) e P(M) x P(M) | |A] > |B|}

» Definition 2 (Negations). For any quantifier Q, we define
the outer negation of @ as:

(—Q)(M) = {(A1, ..., A,) € P(M)*1 x ... x P(M)k» | (A4, ..., A,) ¢ Q(M)}

the inner negation of Q on the i-th argument as:

Q) ={(A1, ., Ai, o Ay) € PM)F 5 o P(M)P™ | (Ay, o, Ay, Ay) € QMY
where A; is the complement of A; in P(M)*:.

The dual of Q on the i-th argument is defined as the quantifier Q% = (=Q)—; = =~(Q—;).
A n-ary quantifier therefore has n possibly different duals, and in case n = 1 we recover the
usual notion of quantifier negation and duality.

2.2 First-order Logic with Generalized Quantifiers

The notion of generalized quantifier as defined above is a purely set-theoretic one. However,
we can associate quite naturally to any quantifier a new corresponding logical operator
extending a chosen logical language.

In the rest of this work, we place ourselves within the framework of a usual first-order
language £. The notion of model for £ is that of an usual L-structure M = (M, ) with M
its universe and I an intepretation function of terms and formulae in M. For a given model
M and an assignment of free variables s, we note M, s = ¢ to mean that ¢ is true in M
with respect to s, and simply M |= ¢ when ¢ is true in M for every assignment. For an
assignment s, we write s[@ /7] for the assignment that is equal to s, except that it assigns
d to the variables 7.
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» Definition 3. For a type (ki,...,k,) quantifier Q, we add to L a new quantifier symbol Q,
and a new formula formation rule: if T1, ... 7, are respectively ki, ..., kn-tuples of variables
and o1, ..., pn are formulae, then:

Qaa ceey 'ﬁ[@h crey SOTL]
s a formula, in which for every i the variables Z. are bound in w; by Q.

The semantics of this new logical symbol is then given by the corresponding quantifier @,
in that for a model M with domain M:

M’S ): Qﬁa ...7.’E_n>[§01, 79077,]
iff

({@l) € M* | M, slai/T1] E @1} {(@n) € M | M, slan /0] E on}) € Q(M)

We note £(Q) the language of first-order logic augmented with the symbol Q for the
quantifier Q. Q is sometimes called a global quantifier, and Q(M) a local quantifier. For a
given, fixed @, and for the sake of readability, we will allow ourselves to abuse notation and
write QZ[...] for Q7'[...].

By this definition, it is also immediate to see that the definitions and properties of
negation, inner negation and duals for local quantifiers naturally lift to the corresponding
global quantifiers.

A remark must be made concerning the choice of automatically including dual quantifiers
in the extension of the language. In general, there is no obligation that the language £(Q)
contains the dual quantifiers of @, but more often than not it is practical to include them
as well. In particular, this would allow one to recover the familiar duality equivalence:

Qs 0] = QU T~y ).

2.3 Monotonicity and Polarity

The concept of monotonicity of a generalized quantifier is due to Barwise and Cooper [3].
Informally, monotone quantifiers are those quantifiers that preserve inclusion relations (in
one direction or the other) between subsets of the domain, meaning that from a inferential
view, they are the quantifiers that preserve logical entailment, which is precisely what makes
them suitable for a deep inference treatment.

» Definition 4 (Monotone Quantifiers). We say that a quantifier Q on a model M is:

1. Increasing in the i-th argument if for all (Ay, ..., A,) € P(M)Ft x ... x P(M)*» and for
all B; D A;, we have that (A1, ..., A, ..., Ay) € Q(M) implies (Aq, ..., By, ...,A ) € Q(M).
2. Decreasing in the i-th argument if for all (A, ..., A,) € P(M)* x . (M)k" and for
all B; C A;, we have that (Aq, ..., A, ..., Ay) € Q(M) implies (Ay, ... s Ap) € Q(M).

If Q is increasing (resp. decreasing) on every M, we say that the global quantifier Q is
increasing (resp. decreasing).

The definition of monotonicity and negation gives us the following immediate property:

» Proposition 5. Q is i-increasing iff ~Q,Q— are i-decreasing, and Q) is i-decreasing iff
-Q, Q—; are i-increasing.
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In particular, this means that Q and Q% have the same i-monotonicity, and that if Q is
j-monotone, then Q% with i # j has opposed j-monotonicity.

In addition to monotonicity, we will need to introduce the notion of polarity of a quantifier,
which essentially describes whether it accepts or rejects the empty set and/or the full domain
M.

» Definition 6 (Quantifier Polarity). We say that a quantifier QQ on a model M is, in the i-th
argument:

Positive if for all A; with j # i, (..., Ai—1, M*, Ai11,...) € Q(M).
Negative if for all Aj with j # i, (..., Ai—1,0, Ait1,...) € Q(M).
Anti-positive if for all A; with j # 4, (..., Ai—1, M¥", Ai1q,...) & Q(M).
Anti-negative if for all Aj with j # i, (..., Ai—1,0, Ait1,...) ¢ Q(M).

el .

As before, if Q is one of the above on all models M, we say that the global Q also has
the corresponding polarity.

In the case @ is a unary type (k) quantifier, the characterization becomes much simpler
since there is only one argument to consider, and thus @ is positive iff M* € Q(M), negative
iff 0 € Q(M), ete.

In terms of the global quantifier Q, it is equivalent to the formulation: Q is positive iff
for all M, M = Q7'[T], negative iff M = Q7’[L], and so on.

We also have a convenient result that links monotonicity and polarity for unary quantifiers.

» Proposition 7. If Q is an increasing type (k) quantifier on M and Q(M) is not trivial,
i.e. QM) # P(M)* and Q(M) # 0, then Q is positive and anti-negative.
If instead Q is decreasing and Q(M) is not trivial, then @Q is negative and anti-positive.

Proof. Immediate from the definition of monotonicity and non-triviality. |

Again, when this holds for all M, the property naturally extends to the global quantifier
Q. However, it is important that non-triviality holds for all M: consider the quantifier
QZ“(M) = {A C M | A is infinite}, which is increasing in all M and thus globally increasing,
but is trivial in all finite models, and therefore is not globally positive.

In the case of n-ary quantifiers, as will be discussed later, an analoguous property holds,
but it requires much stronger hypotheses on @ (in particular we need a stronger condition
than simply non-triviality).

3 Proof Theory for Type (k) Monotone Quantifiers

The aim of this work is to propose a deep inference approach to the proof theory of generalized
quantifiers. Deep inference methods are characterized by the application of inference rules
within formulae instead of only at their root, so we need to study under which conditions
rules can be applied inside the scope of a quantifier. That is, if A = B, what properties
are needed of a quantifier Q to ensure that Q7'[A] = Q7'[B] ? The answer is precisely
monotonicity, since monotone quantifiers are those quantifiers that either preserve or reverse
logical entailment relations.

Thus, we propose a general methodology for designing deep inference proof systems with
monotone quantifiers. We only consider for now the case of unary type (k) quantifiers, as it

b It is positive with respect to the class of infinite models, however.
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is easier to present: the generalization to arbitrary m-ary quantifiers follows quite naturally
and without additional difficulty, and will be discussed later.

3.1 The Quantifier Calculus QC

We start by defining the Quantifier Calculus QC, which will serve as a general basis for
designing more specific calculi. We choose to use a formalism based on Open Deduction [6],
which we extend with rules for monotone generalized quantifiers.

We give ourselves the usual first-order language extended with any number of monotone
quantifiers £(Qy, Qo, ...). For practical reasons, we will suppose that £(Q, Qa,...) is closed
by quantifier duality, so each quantifier has a dual.

The negation F of a formula F is defined by De Morgan laws:

1. T=1

2. 1=T

3. p(t1, ...,t,ﬁ :E(tl,,tn)
4. ANB=AVB

5. AVB=AAB

6. Q7 [A] = QY7 [A]

meaning we consider all formulae to be in negation normal form.

» Definition 8 (Syntactic Equality). We define syntactic equality = as the smallest equivalence
relation on formulae such that for all formulae A, B,C, and quantifier Q:

Avi=A ANT =A TVT=T IAl=1
ANB=BAA AVB=BVA
AN(BAC)=(ANB)ANC AV (BvC)=(AvB)vC
Q[T =T if Q is positive Q7 [L] =T if Q is negative
Q7 [T] = L if Q is anti-positive Q7[L] = L if Q is anti-negative

» Definition 9 (QC Inference Rules). We define the set of inference rules of QC as follows:

_ (AVB)NC
T ANA s————
i — it AV (BAC)
AV A L
A
== i QF[A(T)VB|AC "B
A T as -
A(Z)NC|VB
QA A C iAo
AV A A
cl ct
A ANA CQ7[A(T)AB|AT
" QTA(T) VOV B
» Definition 10 (Derivations). We define derivations with premise A and conclusion B,
A
written ||, as follows:

B
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1. If F is a formula, then F is a derivation with premise and conclusion F.

A C Al |C
2. If || and || are derivations, then ||| |*| |l | 4s a derivation with premise A x C and
B D B| |D
conclusion B % D, for x € {V,A}.
A
Il
A C B
3. If || and || are derivations, and if p— is an instance of an inference rule, then p = is
B D ¢ C
Il
D
a derivation with premise A and conclusion D. o
A A
4. If Q' is an increasing quantifier and || is a derivation, then ot [I'| 7s a derivation
B B
with premise QT2 [A] and conclusion Q17 [B].
A A
5. If Q% is a decreasing quantifier and || is a derivation, then ovZ | | is a derivation
B B

with premise QY2 [B] and conclusion Qv [A].

One must be careful with the case of composition by a decreasing quantifier: since they
reverse logical entailment, the premise and the conclusion are swapped by the quantifier,
which is unusual compared to more traditional proof systems.

T
When there is a derivation || with conclusion A, we say it is a proof of A, noted El

A

3.2 Soundness

We show that QC' is sound, i.e. that derivations with a valid premise have a valid conclusion,
in particular that there is no proof of 1. The propositional fragment is more or less the same
as usual deep inference systems, but the introduction of generalized quantifiers requires some
careful verification.

» Lemma 11. If A = B, then for every n and n-tuple of variables Z that do not appear
bound in A or B, and for every model M, we have:

(@ € M" | M,s[@/T] = A} C{@ € M" | M,s[@/] |- B}

This lemma is the crucial property guaranteeing that we will be able to leverage the
monotonicity of quantifiers to apply inference rules inside their scope without losing validity.

Proof. Suppose that A = B, and let M be a model.

For any @ € M™, if M,s[d /7] is a model of A, then since A = B, M, s[d /7] is also
a model of B.

Thus {d € M" | M,s[d /2] = A} C{d € M" | M,s[d /7] = B}.
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A
» Theorem 12 (Soundness). QC' is sound, i.e. if ||, then A = B.
B

Proof. We proceed by induction on the size of a derivation.

The base case are formulae F', which are derivations from F' to F. They are trivally
sound derivations, since F' |= F always.

For the inductive cases, we need to show that soundness is preserved by composition of
derivations. Let § be a derivation of size n, and suppose that all derivations of size less than
n are sound.

We have the following cases:

Al |C
1. Composition by V, A: suppose § = I \% I, and let M be a model such that M = AV C.
B| |D

A C
Then by induction hypothesis || and | are sound derivations. If M |= A, then M = B,
B D
and if M [~ A then necessarily M |= C, which entails that M |= D. In either case, we
have M = BV D, and thus ¢ is sound.
The case for A is similar.

2. Composition by inference: we first need to prove that all inference rules of QC' are sound.
The soundness of the propositional rules {it, i), wt, w],ct,cl,s,=} is immediate (they
are the usual propositional open deduction rules). The soundness of = for the quantifier
equalities is also immediate, by definition of quantifier polarities.

The only non-trivial cases are the quantifier switch gs and the quantifier mix gmix:

a. gs: Suppose that M = Q@ [A(Z)VB|AC. If M |= B, immediately M = Q7 [A(Z)A
ClV B.
If M~ B, then {Z € M" | M= A(Z)V B} = {Z € M" | M = A(7)}. And since
M = C, we have also {2 € M™ | M = A(Z)} = {7 € M" | M |= A(Z)AC}. Thus
M= QZ[A(Z)AC]V B.

b. gmix: Suppose that M = Q7 [A(Z)AB|AC. If M = B, then M = Q7' [A(Z)VC]VB.
If instead M |= B, then {@ € M" | M |= A(Z)AB} = {7 € M" | M = A(T)}.
And since M = C, we have also {# € M" | M = A(Z)} = {7 e M" | M
A(Z)V C}. Thus M = QZ[A(Z)V C]V B.

A
l
B
Then the soundness of composition by inference follows immediately: if § = p= , then
C
l
D
A C
by induction hypothesis || and | are sound. Thus, if M | A, then M | B, which
B D

means by soundness of p that M | C, and consequently M = D.
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3. Composition by an increasing quantifier QT:
A A
Ifs=09M7 || , then by hypothesis || is sound and A = B. Therefore, by Lemma 11,
B B
we have for any model M:

{(d e M" | M,s[d/Z) = A} C{d e M"| M,s[d/Z] = B}

since the 7 do not appear bound in A4, B.2
Since Q1 is increasing, if follows from the definition that if M = Q' 7[A] then M =
Q7B

4. Composition by a decreasing quantifier Q*:
A A
If§ =07 | || |, then by hypothesis || is sound and A = B. Therefore, by Lemma 11,
B B
we have for any model M:

{d e M | M,s[d /7] A}y C{d € M" | M,s[d /7] |= B}

since the 7 do not appear bound in A, B
Since Q' is decreasing, we have that if M = Q*7[B] then M |= Q*Z[A], and thus § is

Q'7(B]
a sound derivation N3
OV Z[4]
A
We conclude by induction that for all formulae, if there is a derivation || then A = B, in
B

particular that there is no proof of 1.

3.3 Examples and properties

To illustrate the behaviour of the calculus, we give some examples of derivations, and some
derived rules that are admissible in the calculus QC.

. . . AT[AT)AB(T)] -
1. For any increasing quantifier QT, the rule qct is admissible:

QM [A(T)) A QT [B(T)]

. QT [A(Z) A B(T))]
A(Z) A B(T) A(Z) A B(Z)

QT A(T)] v QT2 [B(T)]

2. By taking the dual derivation, we have the admissiblity of the rule qgcl

Q7 [A(T) Vv B(7))

2 Otherwise the formulae would not be well-formed.
3 Recall that decreasing quantifiers switch premise and conclusion.
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QYT [A(T) vV B(T)]
3. For any decreasing quantifier @, the rule dacl is admissible:

QYZ[A(Z)] A QYT [B(T)]

A QVZ[A(T) v B(7)]
A(Z) B(7)
Q1w A vBE) QT A7)V B(T)

Remark that the conclusion is a conjunction, whereas the premise has a disjunction within
the quantifier: this may seem odd, but is due the decreasing nature of the quantifier?.

A(T)
Recall also that since Q* is decreasing, OV Zwt ———— s a valid derivation with

A(Z)V B(7)
premise QT [A(Z) V B(7)] and conclusion Q¥ Z[A(T)).

QT A(T)] v QY Z[B(T)]
QYT A(T) A B(T))

4. By duality, we also have the admissibility of the rule dqct

4 Extending QC with specific quantifier rules

We presented system QC with the aim to provide a framework as general as possible for
dealing with monotone quantifiers, and contains only the rules that are valid for all monotone
quantifiers. In that sense, QC' is to be seen as more of a "system template" rather than one
effective proof system. To begin with, it is not very reasonable to consider a system containing
all monotone quantifiers that can be defined. Typical use cases consider a first-order language
extended with only a few particular quantifiers (or a specific family of quantifiers), and QC
provides sound rule blueprints to design proof systems.

Depending on the case, one might want to add specific inference rules to QC' to account
for properties of specific quantifiers, for example to reintroduce into the calculus the usual
introduction and elimination rules of V, 3. In this section, we discuss how additional rules
can be integrated into QC.

In fact, since monotone quantifiers preserve entailment, the only requirement to ensure

A
that adding a rule pE does nor break quantifier rules is that it must be locally sound,

meaning its premise must logically entails its conclusion, i.e. that A = B. This constraint
is required for Lemma 11 to hold true, and without this lemma, the soundness of rules
applications within quantifiers fails, since they cannot be justified then by the monotonicity
of quantifiers.

» Theorem 13. Let p be a locally sound inference rule. Then QC + {p} is sound.

Proof. The proof is the same as the proof of Theorem 12, except there is an additional base
case for p, which is covered by the fact that p is locally sound. The soundness of composition
of derivations by p follows. <

One example of such a rule that is not locally sound and thus cannot be added to
(z)

QC is typically the V introduction : v
VyA(y)

(with = eigenvariable), precisely because of

4 To convice yourself of the soundness of this statement, consider the fact that "There are no (A or B)"
implies that "There are no A" and "There are no B".
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the eigenvariable condition. This rule is generally sound: if the premise is valid, then the
conclusion is valid, but we do not have A(z) = VyA(y).5
As an illustration, we will show how we can extend QC' to recover usual rules for V and
3. Being both increasing and positive quantifiers, they of course already enjoy the general
quantifier rules of QC, but it would be nice if we could also use their usual rules.
Existential instantiation can be added as is, since we have A(t) = JzA(z) for any term ¢:

A(t)
JrA(x)

As mentioned above however, universal introduction cannot. Instead, in a similar fashion
to [4] or [1], we can add retract rules :

nl

VzA(xz)V B Vz(A(z) A B)
“Ve(A@) vV B) | VrA(z) A B

We give some examples of derivations in QC + {nl,rl,r1}:
1. For any increasing, positive QT, Vo A(x) — QTyA(y) is provable :

T

T

of A
’ Al V|t Ele(ly()x)

qs

JzA(z) v QTy[A(y)]
2. For any decreasing, negative Q, 3z A(x) v Q+yA(y) is provable:

T

=— Aly)
o'y ) JzA(z) A|nl S AD)

qmix

FzrA(z) vV Q*y[A(y)]

5 Proof Theory for Type (ki, ..., k,) Monotone Quantifiers

The properties and rules presented above for unary type (k) quantifiers extend very naturally
to m-ary quantifiers. In general, by definition of monotonicity in the i-th argument of a
quantifier, inference rules can be applied within the scope the i-th position in the quantifier,
independently of the other arguments (provided that the inference rules only act on one
argument of the quantifier, not multiple). Of course, if a n-ary quantifier Q is monotone
only in some and not all of its arguments, rules cannot be applied within the non-monotone
scopes of Q.

What is however lost in the generalization to n-ary quantifiers is the direct link between
monotonicity and polarity, in particular Proposition 7 does not hold as is. This means

® Consider a model M in which the free variable x is assigned to an a such that M, s = A(a), but in
which M, s & YyA(y).



L. Allegre

axiom/equality rules become less general and more dependent on particular quantifiers. But
this is not necessarily a problem.

To illustrate this point, consider the (1, 1) quantifier "strictly more": More[A, B](M) =
{(A,B) C M x M| |A| > |B|}. It is increasing in the first argument and decreasing in the
second, thus the corresponding rules are applicable. However, it is not positive in the first
argument, since in any M, M = More, [T, T], and it is not negative in the second since
M = More, [ L, 1].

This means the equalities More,[T, B(z)] = T and More,[A(7), L] = T do not hold for
generic A, B. However, we can still have axiom rules for this quantifier, since the equalities
More, [T, 1] = T and More,[L, T] = L hold, but we do not have generic axioms for
monotone n-ary quantifiers, and we need to add specific axioms for specific quantifiers on
top of inference rules.

6 Non-monotone Quantifiers

The deep inference methodology we introduced here is only applicable to monotone quantifiers.

In fact, monotonicity is precisely the property ensuring that inferences within a quantifier
scope are sound. While the class of monotone quantifier encompasses a significant number
of common quantifiers, there are still some interesting cases of non-monotone quantifiers,
that fall outside the scope of this approach. An immediate example are all the quantifiers

that accept sets of an ezact cardinality, such as "exactly n" : 3, (M) ={A C M | |A| = n}.

This quantifier is neither increasing nor decreasing, thus inference schemata of the following
form are unsound:

A(z)
A(x) Vv A(x)

S A(z)

=nd

In fact, the only inference rules that remain applicable are the ones where the premise and
conclusion are semantically equivalent, i.e. {=,it,i],ct,cl}, since in any model, the premise
and conclusion are interpreted by the same subset, and thus these rules are sound for any
quantifier.

One possibility to circumvent this problem would be to express arbitrary quantifiers as
conjunctions/intersections of monotone quantifiers. For example, "exactly n' is equivalent to
"at least n and at most n": 3=, xA(z) = I>,2A(z) A<,z A(x). However, this approach fails
in the general case, since the resulting conjunctions/intersections may not be finite. Consider
for example the quantifier "an even number of", equivalent to "exactly zero or exactly two or
...", which would yield an infinite formula:

3= N\ Bean3z,)
ne2N

7 Conclusion and Future Works

We showed in this ongoing work that deep inference methods can be used to propose proof
systems for generalized quantifiers, circumventing the notorious challenges of designing sound
shallow proof systems for these quantifiers. We established that quantifier monotonicity is
a sufficient condition to enable a deep inference treatment of generalized quantifiers, and
subsequently proposed a base generic calculus of quantifiers QC, as well as a methodology
to extend it with more specific quantifiers and/or rules.

11
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We conclude by giving an overview of the main questions we plan to study in the direct
continuation of this work.

7.1 Normalization and Decomposition

Deep inference proof systems for classical first-order logic have ben proven to enjoy forms of
normalization/cut-elimination [4]. Our next immediate concern is to study in which capacity
these normalization methods can be applied to QC' and its extensions. We expect that it will
depend on the chosen extensions of QC' with particular quantifiers, but we aim to give criteria
on which rules can be added to the calculus while preserving normalization/cut-elimination
theorems.

The question of obtaining decomposition theorems in QC', analoguous to the results in
[13] (for linear logic) or [8] (for first-order logic), is closely related, and would also be of
particular interest.

7.2 Completeness

The completeness of a proof system dealing with generalized quantifiers is a difficult question:
it is very dependent on the specific choice of quantifiers we add to the language, and thus
would have to be studied on a case-by-case basis.

In addition, most non-trivial extensions of first-order logic with generalized quantifiers
are at least as expressive as incomplete fragments of second-order logic 6, so we have little
hope of having completeness with regards to the usual notion of semantics. One possibility
would be to use the notion of semantics and completeness of second-order logic, with partial
semantics and Henkin models.

Some very restricted extensions of first-order logic with generalized quantifiers, however,
do enjoy completeness: for example, first-order logic with the quantifier "uncountably many"
has been shown to be complete by Keisler [9]. We can hope to propose complete proof
systems based on QC for such logics.

7.3 Quantifier Calculi for well-known quantifier classes

The Quantifier Calculus QC' serves as a basis for proof systems with monotone quantifiers.
Many well-known quantifier classes fall in this category.

One class of particular interest is the class of Henkin Quantifiers [7], which correspond to
partially-ordered prefixes of first-order quantifiers. As established in [2], there are no locally
sound analytical sequent calculi for any reasonable logic with Henkin quantifier, however
sequent calculi that are globally sound but locally unsound can be constructed. Henkin
Quantifiers as well as their duals are monotone increasing, positive and anti-negative’, as
was first shown in [10], meaning they are suitable for the methods presented in this work. We
believe it could be relevant to study if deep inference methods could provide an alternative
approach to the proof theory of Henkin Quantifiers.

Another field of application is the study of the class of generalized quantifiers that
correspond to natural language determiners and noun phrases. These quantifiers are almost
always monotone in some capacity, or can be expressed as conjunctions of monotone quantifiers
[3].

6 For example, any quantifiers that can express notions of (infinite) cardinality.
7 This is not surprising, as they are defined by means of V, 3.
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