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Abstract

Generalized quantifiers, introduced by Mostowski and Lindstréom, are general-
izations of the standard quantifiers of modern logic, V and 3, and have been
extensively studied for their applications to model theory and computational
linguistics, but not so much for their purely syntactical and proof-theoretic prop-
erties. In this paper, we study under which conditions first-order logics extended
with generalized quantifiers have prenex normal form theorems. We introduce
the notion of polarity of a quantifier, and show that it provides a sufficient con-
dition for the existence of syntactic transformation rules. We establish a prenex
normal form theorem for first-order languages whose quantifiers have the ade-
quate polarity properties, and show that some well-known classes of quantifiers,
namely monotone quantifiers and Henkin quantifiers, fall under this category.
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1 Introduction

Generalized quantifiers, initially introduced by Mostowski (1957) and further devel-
oped by Lindstrom (1966) are a generalization of standard first-order quantification
that treats quantifiers as generic relations over relations (or tuples of relations) on the
domain (a.k.a universe, model) of an interpretation: thus, quantifiers are viewed as
higher-order concepts.

The concept of generalized quantifiers is not new, and has been extensively studied
from a model-theoretic and linguistic viewpoint. This is not surprising, as it origi-
nates in the generalization of the usual quantifiers’ interpretation in a given model,
to generic relations on this model. The expressive power of this formalism has also
found a significant use in linguistics, for its ability to account for the great diver-
sity of quantification in natural language. However, very little work has been done on



the more syntactic and proof-theoretic aspects of generalized quantifiers, which can
be explained by their expressive power: finding sensible syntactic properties and rea-
sonable deduction systems for non-trivial quantifier classes is in general considerably
more challenging. Among the few works on proof theory for some very limited subsets
of quantifiers, we can cite Keisler (1970) on quantifiers such as ”uncountably many”,
and more recently the works of Baaz and Loli¢ (2021) on Henkin quantifiers.

In a very broad sense, the general aim of our work is to continue these proof-
theoretical approaches of quantifiers, and if it is most likely impossible for the full
theory of generalized quantifiers, to find classes of quantifiers for which we can have
reasonable properties and deduction systems. In this article specifically, we study the
possible existence of prenex normal forms for languages with general quantifiers. The
concept of prenex normal forms (i.e. putting quantifiers at the start of the formula), is
an important syntactic property for logical languages and is widely used in automated
theorem proving, which makes it an interesting question if we want to develop such
systems for generalized quantifiers.

2 A Reminder on Generalized Quantifiers

We will start by giving here a very succinct presentation of generalized quantifiers for
the needs of this paper, mainly inspired by Peters and Westerstahl (2006) and Chapter
10 of Vadnanen (2011). Szymanik (2016) also gives another very complete overview of
the topic. We refer the reader to these works for a more thorough description of the
wide subject of generalized quantifiers.

2.1 Basic Definitions

Definition 2.1 (Weak Generalized Quantifier) A weak (generalized) quantifier of type
(k1,...,kn) is a mapping Q(M) from each non-empty set M to a subset of 73(M)kl X o X
P(M)kn.

In other words, a quantifier on a set M is simply a n-ary relation over k;-ary
relations on M.
Examples:

1. The type (1) existential quantifier 3 is the mapping:
M) = {AC M| A#0D)
2. The type (1) quantifier "infinitely many” is:
Q=“(M)={AC M | Ais infinite}

”

3. The type (1,1) quantifier "more ... than ...” is the binary relation:

More(M) ={(A,B) e P(M) x P(M) | |A] > |B|}



Definition 2.2 (Negations, Duals) For any quantifier Q, we define:

e The outer negation of Q as the quantifier:
(=Q)(M) = {(Ay,...,An) € P(M)F* x ... x P(M)* | (Ay,..., A,) & Q(M)}
e The inner negation of Q@ on the i-th argument as:
Qi) (M) = {(A1, ..., Aj, ..., Ap) € P(M)Fr .. xP(M)*» | (Ay, ..., A;, ..., Ay) € Q(M)}

where A; is the complement of A; in P(M)F: .
e The dual of Q on the i-th argument as the quantifier Q% = (=Q)—; = ~(Q—;).

We can remark here that a n-ary quantifier has therefore n possibly different duals,
and in case n = 1 we recover the usual notion of quantifier negation and duality.

2.2 First-order Logic with Generalized Quantifiers

The notion of generalized quantifier as defined above is a purely model-theoretic
one. However, we will show that for any generalized quantifier, we can define a new
corresponding logical operator extending a chosen logical language.

In the remainder of this work, we will place ourselves within the framework of the
usual language of first-order logic, which we denote L. There is of course also a sensible
notion of generalized quantifiers extending other logics, for example second-order logic,
but this is much beyond the point of this paper.

We consider the language of first-order logic, with terms ¢t and formulas F defined
by the grammars:

t:i=c|z| f(t..,1)
F=T|L|PE..t)| " F|FVF|FAF|VoF | IaF
with symbols ¢ for constants, x for variables, f for functions and P for predicates.

We write implication F — G as a shorthand for =FVG. We include V, 3, as it is the
usual definition of the language, but it is also possible to consider them just as simply
specific examples of generalized quantifiers. In fact, in the rest of this paper, we do not
distinguish and speak of ”quantifiers” to mean generalized quantifiers as well as V, 3.

A model M = (M, 1,s) is an usual L-structure, with domain M, an interpretation
I mapping constants to elements of M, n-ary function symbols to functions M"™ — M
and n-ary predicates to n-ary relations on M, and with a free variable assignment s,
mapping variables to elements of M. For a formula ¢, we denote by ¢[a/Z] the formula
obtained by substituting in ¢ every free occurrence of the variables T by the terms @.

To each generalized quantifier in the set-theoretic sense, we can associate quite
naturally a corresponding logical quantifier symbol extending L.

Definition 2.3 For a type (k1,...,kn) quantifier Q, we add to L a new quantifier symbol Q,
and the following formula formation rule:



e IfTy,..., T, are respectively ki, ..., k,-tuples of variables and ¢1, ..., v, are formulas,
then:
QT1, ..., Tl 1, -, P
s a formula, in which for every i the variables T; are bound in p; by Q.

The semantics of this new logical symbol is then given by the corresponding
quantifier @, that is, in a model M with domain M we simply interpret Q by Q(M):

M ': Qﬂ, "'7ﬁ[9013 bR Spn]
iff

({@) e M* | M = pifar/zil}s . {(@n) € M* | M pulan/Tal}) € QM)

We note £(Q1, Qs, ...) the language of first-order logic augmented with the cor-
responding quantifier symbols. Q is sometimes called a global quantifier, and Q(M)
a local quantifier. For a given, fixed @), and for the sake of readability, we will often
allow ourselves to abuse notation and write Qz][...] for QF[...].

By this definition, it is immediate to see that the definitions and properties of nega-
tion, inner negation and duals for local quantifiers naturally lift to the corresponding
global quantifiers.

A naturally occurring question is whether we should automatically include nega-
tions and dual quantifiers in the extension of the language. In general, there is no
obligation that the language £(Q) contains the dual quantifiers of Q, but more often
than not it is practical to include them as well. In particular, this would allow one to
recover the familiar duality equivalence: ~Q%[..., ¢;, ...] = Q% 7|..., =y, ...]. If all duals
are part of the language, i.e. if for all @ € £, Q% € L for all i, we say that £ is closed
by quantifier duality.

3 Quantifier z-polarities

In order to study prenex normal forms for generalized quantifiers, we need to introduce
the notion of polarity of a quantifier in a given argument 4.

Definition 3.1 Let Q be a quantifier of type (ki,...,kn). With respect to an argument i and
a model M, we say that Q is:

e j-positive in M if for all (Ay, ..., As, ..., A,) € P(M)*r x ... x P(M)kn :
(A17 "'7Mkia aAn) € Q(M)
e j-anti-positive in M if for all (A1, ..., A, ..., Ap) € P(M)F x ... x P(M)Fn :

(Ay, ..., M" ... A,) & Q(M)



e i-negative in M if for all (Ay,...,A;, ..., An) € P(M)Ft x ... x P(M)kn :
(A1, ...,0,..., A,) € Q(M)
e j-anti-negative in M if for all (Ay,..., Ai, ..., Ap) € P(M)*1 x .. x P(M)F» :

(A1, ...,0,...,A,) ¢ Q(M)

If we transpose this definition to the syntactic side, i.e. on the global quantifier
associated with ), we can see that polarity essentially describes how Q behaves with
respect to T and L, as stated by the following result.

Proposition 3.2 Let Q be a quantifier of type (ki,...,kn). We have that:

e If Q is i-positive in M, then for all formulas (@1, ..., 0n):
ME QT[p1, .o, T, eey 0]

e If Q is i-anti-positive in M, then for all formulas (p1,...,0n):
M QElpr, .., T, on)

e If Q is i-negative in M, then for all formulas (@1, ..., 0n):
M Qo1 .oy Ly ey 1]

e If Q is i-anti-negative in M, then for all formulas (1, ..., on):

M QT[p1, . Lo 4]

The converse, however, is only true with respect to definable subsets of M. For
example, if for all formulas (¢1, ..., n), M |E QZ[@1,...; T, ..., n], then for all defin-
able Ay, ..., A,, we do have (Ay,...,M¥* .. A,) € Q(M), but this is not necessarily
true for all subsets Ay, ..., A,. For example, we could consider a type (1,1) quantifier
Q" and a model M = (M, I) such that Q*(M) = {(S,0)} for some L-undefinable
subset S. Then for all £L-formulas o, M = Q2%[p, 1], but Q° is not l-anti-negative
in M.

The usual quantifiers V,3 are both positive (32T = VzT = T) and anti-negative
(Fzl=Vzel=1).

A first immediate useful property is that inner and outer negation (and thus
duality) invert the polarization of a quantifier, in the way given by the next lemma.

Lemma 3.3 For any quantifier Q, we have the following square of oppositions:



Q—

1-positive «———— j-negative

i-anti-positive «———— i-anti-negative

K

Proof The proof is immediate by the definitions of polarities and negations. Essentially, outer
negation takes the complement of the quantifier, so it transforms i-polarities into i-anti-
polarities and conversely, and inner negation on i takes the complement of the i-th argument
subset, so it transforms i-*-positive polarities into i-*-negative ones and conversely. Duality
is the composition of both. O

It is also worth noting that while a quantifier cannot be positive and anti-positive
(nor negative and anti-negative) in the same argument, it can be both positive and
negative (or anti-positive and anti-negative) in the same argument, and in general,
i-polarity is independent of j-polarity for i # j.

If a quantifier ) is i-positive in M for all models M, we will simply say that @
is i-positive, and similarly for the other polarities. In the same spirit, we extend the
notion to the global quantifiers, and say that Q is ¢-positive if @ is ¢-positive, and so
on.

For quantifiers that have polarities, we can establish quantifier shift rules, as
follows.

Lemma 3.4 Let Q be a quantifier, T variables, p; a formula with free variables T, and ¢ a
formula which does not contain any of the variables T. We have the equivalences:

1. If Q is positive in the i-th argument, then

OT[..., 0, (T) V1, ...] = QF[..., i (T),..] VY
2. If Q is anti-positive in the i-th argument, then

QF..., 0i(T) V1, ...] = QF[..., i (T), ..] A )
3. If Q is negative in the i-th argument, then

QT|..., pi(T) N, ...] = QF[..., s (T), ...] V.~



4. If Q is anti-negative in the i-th argument, then

QF[..., 0i(T) N, ...] = QF[..., i (T), ..] A

Proof We will only present here the proof for the first case (@Q positive). The proof for the
other cases is unremarkably similar, or can be obtained from this one by simply using the
properties on the polarity of =@ and Q—;.

Let @ be a quantifier, positive in the i-th argument.

1. Let M = (M, I) be a model, and suppose that M | QF|..., v;(T) V ¥, ...].

If M =4, then trivially M = QF|..., pi(T), ...] V .

If M £, then {T € M* | M |= i(Z)VyY} = {7 € M* | M = ¢;(Z)}. Thus,
from the hypothesis M = OF[..., p;(T) VY, ...], we have also M |= OF[..., p;(T), ...],
which means M |= O7[..., ¢;(Z), ...] V .

2. Let M = (M, I) be a model, and suppose that M | QF[..., p;(T),...] V .

If M =4, then {T € M¥ | M = p;(T) vV} ={T € M¥ | M |= T}. Since
@ is taken to be positive, we obtain that M | QF[..., v;(T) V 1, ...].

If M £ F, then by hypothesis, necessarily M | QF[..., ¢;(T),...]. Since
M £, we also have {T € M¥ | M = pi(T) VoY) ={T € M¥ | M = ;(T)}.
Thus, we obtain that M = OZ[..., ¢;(T) V¥, ...].

O

We can make a few remarks on this lemma.

Firstly, it states that polarity is a sufficient condition for quantifier shifts equiv-
alences, but is it a necessary condition ? As before, the answer is yes if we restrict
ourselves to definable subsets, but not in general. This is easy to show : for example,
suppose that the equivalence QZ|..., 0;(Z) V1, ...] = QZ|..., 9;(T), ...] V4 holds for some
quantifier Q. Then by applying this to ¢» = T, we get QZ[..., T,...] = T, which means
that (Ay,...,M* ... A,) € Q(M) for all definable Ay, ..., A,, but it tells us nothing
about non-definable subsets, thus @ is definably positive, but possibly not positive in
general. This is however not a problem: we only need the sufficient condition part for
the study of prenex normal forms presented in the next section.

The second remark we can make is that in the proof of Lemma 3.4, we only used
the polarity of @ for one of the two implications. We need full equivalence for prenex
normal forms, but it is nonetheless interesting to note that this means we do have the
following property for all generalized quantifiers, regardless of polarity.

Proposition 3.5 Let QQ be a quantifier, T variables, p; a formula with free variables T, and
1 a formula which does not contain any of the variables . Then:

o OF...,0:(T) V,..] E QF[..., 0;(T),..] V1
o OF...,0:(T), .. ) ANV = QF[..., 0i(T) N, ..]

Lemma 3.4 provides us with the equivalences we need to push the connectors Vv, A
inside quantifiers. We now only have to handle the case of negation. The equivalence



is quite immediate by the properties of the dual quantifiers : we can simply push the
negation in/out of a quantifier on argument i by taking the i-th dual Q%.

Lemma 3.6 Let Q be a quantifier, T variables, p; a formula with free variables T. Then:

Q... ~pi(T), ..] = QU 7[..., s(T), ...]

Proof By definition of the dual quantifier:
QF[..., ~i(T), ..] = ~(QY—)Z[..., =i (T), ...] = Q% 7[..., 0 (T), ...]
d

In the case where Q is V or 3, since they are both positive and anti-negative, we
find ourselves with the familiar quantifier identities for V, A, and the duality V- = —4.

4 Prenex Normal Forms

The main objective of this work is to ask whether it is possible to find prenex normal
forms for formulas with generalized quantifiers. This is precisely the motivation behind
the introduction of quantifier polarities, as they give us quantifiers shift rules which
we can use to move quantifiers over the other logical connectors, towards the start
of formulas. With the lemmas from the previous section, we now have the results we
need to state a prenex normal form theorem.

Before we can do this, we first have to give a proper definition of what is a prenex
normal form in the presence of generalized quantifiers. The notion of prenex normal
form with generalized quantifiers is a direct generalization of the usual prenex normal
form in classical first-order logic, with the main difference being that arbitrary quan-
tifiers are n-ary operators, and thus the notion of a linear quantifier prefix becomes a
prefix subtree in the formula tree.

Definition 4.1 The set of formulas in prenex normal form is defined inductively:

1. Ewvery atomic formula, i.e. every formula P(t1,...,t,) where P is a predicate and
t1,...,t, are terms, is in prenex normal form.

2. If p and Y are formulas containing no quantifier, then ¢ AN, @ Vb, p — ¥ and
= are in prenex normal form.

3. If p1,...,0n are formulas in prenex normal form and Q is a type {(ki,...,k,)
quantifier, then QF[p1, ..., on] is a formula in prenex normal form.

4. No other formula is in prenex normal form.

As an example, the formula Q1z[S(z) A P(z), Q2x[S(y), R(x,y), P(y)]] is in prenex
normal form:



Q1z
/\/ \sz
)/ \P PN

S(x (z) S(y)  R(z,y) Py)

while the formula Q12[P(x) A Q2y[P(y), R(x,y), Q(y)], S(x)] is not:

Q1
/\/ \
/ \
P(z) Q2y
N

Py) R(z,y) S(y)

S(x)

Definition 4.2 We say that a quantifier Q is polarized if both of the following hold:

1. Q is either i-positive or i-negative for some arqument i.
2. @ is either j-anti-positive or j-anti-negative for some argument j.

Note here that ¢ and j do not necessarily need to be the same argument of Q.

Proposition 4.3 If Q is polarized and i is such that Q has one of the i-polarities of Definition
4.2, then Qdi is polarized.

Proof Let @ be a polarized quantifier, and let i,j be some arguments of ) satisfying the
conditions of Definition 4.2 (possibly not the only ones, and possibly i = j).
We have the following cases, which we treat using the square of Lemma 3.3:

® () is i-positive and j-anti-negative. Then Q% is i-anti-negative and j-negative.
® () is i-positive and j-anti-positive. Then Q% is i-anti-negative and j-positive.
® () is i-negative and j-anti-negative. Then Q% is i-anti-positive and j-negative.
® () is i-negative and j-anti-positive. Then Q% is i-anti-positive and j-positive.

In all cases, Qd"' meets the condition for polarization. The same holds if we consider the dual
on j, Qdi instead. O

Note that this property does not necessarily hold if we take the dual on an arbitrary
argument that is neither ¢ nor j.

Essentially, polarization of a quantifier ) ensures us that wherever Q appears in
a formula, we are always in one of the cases of Lemma 3.4 so that we can push the



parent connector of @ inside Q to prenexify that subformula. Thus for formulas whose
quantifiers are polarized, we can state the following theorem.

Theorem 4.4 Let L be a first-order language with generalized quantifiers, closed by quantifier
duality, and let ® be a L-formula such that all quantifiers appearing in ® are polarized.

Then there exists a L-formula ¥ equivalent to ® such that ¥ is in prenexr normal
form. Additionally, the only quantifiers appearing in ¥ are quantifiers of ® and/or duals of
quantifiers of .

Proof We prove this by induction on the formulas, using the equivalences from Lemmas 3.4
and 3.6 whenever we encounter a quantifier that needs to be shifted upwards in the formula
tree.

The proof itself is straightforward and unsurprising, but it is somewhat lengthy, so we
omit the details for now and refer the reader to Appendix A for the full, detailed proof of
Theorem 4.4. 0

Two remarks : firstly, the condition on £ to be closed under quantifier duality is
important, since if duals are not included in the language, the case of a quantifier
within the scope of a negation cannot be treated®. Secondly, if the language £ contains
only polarized quantifiers, the theorem then means that every £-formula has a prenex
normal form.

As in first-order logic with the usual quantifiers, there is of course no unicity of
prenex normal forms for a given formula: in general, for a quantifier Q, if there are
multiple arguments ¢ so that () satisfies has the adequate i-polarity, we can always
choose which of the subformulas of @ we push the connectors into.

Another remark is that for formulas whose quantifiers are not polarized (or only
some of them are), there may or may not exist prenex normal forms depending on the
particular quantifier/formula. An example is given by the quantifier At_Least(M) =
{(A,B) € P(M) x P(M) | |A| > |B|}: At_Least is positive in the first argument,
negative in the second, but neither anti-positive nor anti-negative in any argument.
As a result, the formula At_Least,[¢1(x),p2(x)] V ) has a prenex normal form?:
At_Leasty[p1(x) V 9, pa(x)]. However, At_Least,[p1(x), p2(x)] A ¢ does not have a
prenex normal form in general.

5 Characterization of Some Quantifier Classes

Polarities gives us sufficient criteria for prenex normal forms, but many quantifiers do
not have these properties. In this section, we present a few results on polarities for
some well-known classes of quantifiers.

1Of course if there is no negation in the language, or even in that specific formula, duals are not really
needed, but in the general case we have to include them.
2several, actually: At_Least,[p1(z), p2(x) A )] is also an equivalent prenex formula.

10



5.1 Monotone Quantifiers

Monotonicity, as introduced by Barwise and Cooper (1981), is an important property
of generalized quantifiers and has been extensively studied from a linguistic perspective
as it is closely linked to the behaviour of quantification in natural language.

Definition 5.1 A type (k1,...,kn) quantifier Q is said to be monotone increasing in the i-th
argument if for all sets M, the following holds:

If (A1, ..., A, .y An) € Q(M) and A; € B; € M¥i | then (Ay, ..., B, ..., An) € Q(M)
Conversely, Q is said to be monotone decreasing in i if the following holds:
If (A1, ..., Agy oy An) € Q(M) and B; C A; € M™ | then (A1, ..., B, ..., An) € Q(M)

In other words, monotone quantifiers are those quantifiers that preserve set inclu-
sion. This is a very common property among natural language quantifiers: it expresses
that the quantified sentence remains true when talking about extensions or restrictions
of a concept. For example, All is 1-decreasing and 2-increasing:

® [f all cats are felines, then all black cats are felines.
® [f all cats are felines, then all cats are mammals.

The universe M and the empty set () being the extreme cases of exten-
sion/restriction of a concept, it is not surprising that polarity can be linked to
monotonicity, in the following way.

Proposition 5.2 If Q is monotone increasing in the i-th argument, and if for all M and all
Aj with j # i there exists A; such that (A1, ..., A;, ..., An) € Q(M), then Q is i-positive and
i-anti-negative.

Proof For any M, if (Ay, ..., A;, ..., An) € Q(M), then since A; C M*: by i-monotonicity of
Q we get (Aq, oy M .y Ap) € Q(M). Thus, if for any (A;) with j # 4 there exists such an
A;, we have that for all (A;);«,, (A1, oy MPF .y An) € Q(M), which by definition means
that @ is positive in M. O

Proposition 5.3 If Q) is monotone decreasing in the i-th argument, and if for all M and all
Aj with j # i there exists A; such that (Ay,...,A;, ..., An) € Q(M), then Q is negative and
anti-positive in the i-th argument.

Proof This is the symmetrical case to the previous proposition: if @} is decreasing, for
all (Aj);jxi, the existence of A; such that (Al,...7Mki,...,An) € Q(M) entails that
(A1,..,0,..., An) € Q(M) since 0§ C A;. |

The additional condition on the existence of such A; for polarity is quite restrictive
in the general case of n-ary quantifiers: we need to require that Q(M) accepts at least
one A;, for any possible choice of the (A;);.;.

11



However, in the case of unary type (k) quantifier, this condition collapses to a
much simpler non-triviality condition, only requiring that () is neither empty, nor is
the quantifier that accepts every relation.

Corollary 5.4 If Q is a type (k) quantifier and Q is not trivial, i.e. Q 1is neither O nor
P(M*), then:

e If Q is monotone increasing, then Q) is positive and anti-negative.
e If Q is monotone decreasing, then Q is anti-positive and negative.

In any case, the additional conditions of non-triviality are important: monotonicity
alone is not a sufficient condition for polarity. Consider for example the quantifier ”an
infinity”: Q“(M) = {A C M | A is infinite}. Q¥ is increasing, but is trivial (empty)
in all finite sets M, and thus not positive in any finite set. It is, however, anti-negative
since () is never infinite, and it is not trivial if M is infinite, meaning it is positive in
all infinite sets.

We can thus conclude that if £(Q;, Qs,...) is a language with each Q; mono-
tone and non-trivial (in the aforementioned sense) in at least one argument, then
L(Q1, s, ...) enjoys the prenex normal form theorem 4.4.

5.2 Henkin (Branching) Quantifiers

Henkin quantifiers, also called branching quantifiers were introduced by Henkin (1961)
as a way to express independencies between quantified variables beyond the restrictions
of first order logic. The underlying idea is to allow a partial ordering of the quantifiers
V and J instead of a total one. The simplest non-trivial example is the quantifier:

Qu = (Ju5Y)

expressing that y depends only on x, and v on wu. Formally, they are equiva-
lent to quantifier prefixes of second-order existential logic, as proven by Enderton
(1970) and Walkoe (1970): the specific dependencies between variable can be
expressed by Skolem functions, for example (:i gz)F (z,y,u,v) is equivalent to
3f3gVavuF (z, f(x), u, g(u))>.

While they are not originally related to the concept of generalized quantifiers,
Henkin quantifiers can in fact be seen as a special case of generalized quantifiers.
Indeed, a Henkin quantifier Qg with k£ variables can be represented by a generalized
quantifier of type (k), essentially by defining the quantifier with the second-order
existential formula that is equivalent to Qp:

Q={RC D" 3f1,...3fm; Va1, .., Vo, (1, ooy Ty f1(o0)s ey frn(.2)) € R}

3Using this specific formulation with functions obviously requires the Axiom of Choice. Note that the
AC is however not required to have the equivalence with existential second-order logic: it is also correct
to use generic two-place predicates instead, and require that they are functional (which can be expressed
by a first-order formula). The use of functions is however often preferred as it is much more intuitive and
compact when representing dependencies.

12



with ; being the ¢ universally quantified variables, f; representing the j existentially
quantified variables, and the arguments of each f; being the x; on which the j-th
existential variable depends.

Henkin quantifiers are a very natural extension of usual first-order quantifier pre-
fixes that have applications in proof theory, in particular with regards to Skolemization
(see Baaz and Lolié¢ (2021)), and in formal linguistics as studied in Hintikka (1973).

It is fairly easy to see that Henkin quantifiers are monotone and polarized. This
should not be a surprise, as Henkin quantifiers are built upon the usual V, 3, and
thus are fairly regular as far as generalized quantfiers can be. This was first shown by
Kolodziejezyk (2002).

Proposition 5.5 (Kolodziejezyk) Henkin quantifiers are monotone increasing, positive and
anti-negative.

One can simply remark that Henkin quantifiers are increasing and non-trivial, and
thus are polarized by consequence of Corollary 5.4, but it is also quite immediate from
the second-order formulation of Henkin quantifiers.

Proof Let Qg be a Henkin quantifier, with Qpg(M) = {R C
MF|3f1, o 3 fm, Ve, Ve, (21, o @m, f1(2), oo fm () € RY.

Now, Mk e Qu(M) iff there are fi,..., fn functions such that for all zi,...,xm,
(1, ooy Ty f1(00), ooy fm(02)) € MF. MF containing all possibles k-tuples, any choice of
functions will do, thus for any set M, M* e Qu(M).

Similarly, there are no f1, ..., fn such that (z1,...,zm, f1(...), ..., fm(...)) € 0, thus for all
sets M, 0 ¢ Qu(M).

By definition, this means Qg is positive and anti-negative. |

As a corollary, this means that the (unique) dual Q¢, of a Henkin quantifier is also
monotone increasing, positive and anti-negative, but Q% is not a Henkin quantifier:
the dual of the prefix Af1, ..., Ifm, Vo1, ..., Vo, is Vf1, ...,V fm, Jz1, ..., Jz,, which does
not correspond to a Henkin quantifier.

However, if we consider a language including Henkin quantifiers as well as their
duals, then all those quantifiers are polarized, and thus enjoy the prenex normal form
theorem.

Proposition 5.6 Let £y be a first-order language extended with any number of Henkin
quantifiers and closed by duality. Then every Lqy-formula has an equivalent prenex normal
form.

Proof Application of Theorem 4.4. O

This is not exactly a groundbreaking result: £, is equivalent to a fragment of
existential second-order logic, which already has a prenex normal form theorem. But
the advantage of a direct prenexification in L4, is that the resulting prenex formula
is guaranteed to contain only quantifiers from L4, which might not be the case
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with prenexification in existential second-order logic*. To give an example, consider
L4, containing only the simplest Henkin quantifier Qy = (:Z’i gg), and consider the
formula:

® = ((v30)e) A (4o 32)¥)

One possible prenexification of ® using the equivalent second-order formulation is:
3f3g3f' g’ VaVuVz'Vu' (e A1), where notably the quantifier prefix does not correspond
to any quantifier prefix in £4°.

Meanwhile direct prenexification in L3 gives either one of the prefixes

(Ve 3y )(jﬁﬁ ggﬁ) or (jij ggj ) (%2 2¥) which are both in L.

6 Conclusion

In this work, we studied the conditions for the existence of prenex normal forms in first-
order languages extended with generalized quantifiers. To do so, we introduced the
notions of i-polarity of a quantifier, and showed that polarities give us sufficient con-
ditions for syntactic properties of quantifiers, allowing one to shift quantifiers outward
and connectors inward from subformulas. As a consequence, we established prenex
normal form theorems for any extended first-oder language whose quantifiers have the
adequate polarity properties.

While a significant portion of quantifiers in general do not particularly have any
polarity properties, we nonetheless established that some of the more well-known and
common classes of quantifiers enjoy these properties and thus have prenex normal
forms theorems. In particular, this includes monotone quantifiers, which are a very
significant class of quantifiers, especially in natural language quantification, as well as
Henkin quantifiers.

In the continuation of this line of study, we aim to examinate more in detail some
other common classes of quantifiers that could fall under the scope of the results
presented here. From a broader perspective, prenex normal forms theorems are a useful
result in usual first-order logic for the study of proof systems and automated theorem
proving. It would be interesting to see if this work could enable such approaches for
generalized quantifiers, and if the various syntactic properties we established could
help in designing reasonable proof systems, a topic which is significantly underexplored
in the broader case of logics with generalized quantifiers.
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4As it can be more expressive than L.
51t corresponds to a Henkin quantifier, but in a strictly more expressive language than L.
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Appendix A Proof of the Prenex Normal Form
Theorem

We give here the full details of the proof of Theorem 4.4.

Theorem A.1 Let L be a first-order language with generalized quantifiers, closed by quan-
tifier duality, and let ® be a L-formula such that all quantifiers appearing in ® are
polarized.

Then there exists a L-formula ¥ equivalent to ® such that ¥ is in prenexr mormal
form. Additionally, the only quantifiers appearing in ¥ are quantifiers of ® and/or duals of
quantifiers of ®.

Definition A.2 We define the complexity ¢(®) of a formula ® as its number of quantifiers
and connectors, excluding — and —;:

If ® is an atomic formula, then ¢(®) = 0.

If © ==, ¢(®) = c(p).

If @ = px1b, with x € {V,A\,—}, then c¢(®) =1+ c(p) + ().
If ® = QF[p1, ..., o), then c(®@) =1+ 30 c(pi).

We need to omit negations from the complexity measure, since the equivalences of
Lemma 3.4 can add or remove negations in some cases.

Proof of Theorem 4.4 We proceed by induction on the complezity of the formula ®.

Every atomic formula and every negation of an atomic formula is already in prenex normal
form, thus every formula of complexity 0 is itself a prenex formula of complexity 0.

Let n be a strictly positive integer, and suppose that for all k& < n, every formula of
complexity & whose quantifiers are polarized has an equivalent formula of complexity at most
k in prenex normal form, whose quantifiers are also all polarized.

Let @ be a formula of complexity n whose quantifiers are polarized. Then ® is in one of
the following forms:

L ® = QF[p1,., Pm)-

If ¢(®) = n, then 27;1 c(¢;j) = n — 1, meaning every subformula ¢; has
complexity lower than n.

We can thus apply our induction hypothesis to every ¢; to obtain v, ..., ¥y, for-
mulas in prenex normal form, with complexity at most equal to the corresponding
©;, such that ® is equivalent to ¥ = QZ[¢)1, ..., ¥, ]. By definition, ¥ is in prenex
normal form, and since for all j, c(¢;) < c¢(¢;), its complexity is at most n. Addi-
tionally, by hypothesis all quantifiers in each 1; are polarized, so this is also true
of U.

2. & =-OF[p1, ..., Prm]-
Similarly, if ¢(®) = n, then Z;n:1 ¢(p;) = n — 1 since the leading negation does
not add to the complexity, and there are 1, ..., ¥, formulas in prenex normal form
such that ® is equivalent to = QF[1)1, ..., ¥ ]. Q is either positive or negative in some
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i, so we push the negation inwards on the i-th argument: by Lemma 3.6 ® is equiv-
alent to QU E [y, ..., by, ooy Wm]. c(—;) < m — 1, thus we can transform —; into
! in prenex normal form, such that ® is equivalent to ¥ = QT [, ..., ¥, ..., Y.

By definition, ¥ is in prenex normal form (all the quantifier subformulas are in
prenex normal form), and its complexity is at most ¢(®) = n. Since we chose to
push the negation inwards into the i-th argument and Q has an i-polarity, Property
4.3 ensures that Q% is also polarized, and so are all quantifiers in .

3. d=p V.

©, % have complexity less than n, since c(p) + ¢(¢) = n — 1, and thus by
hypothesis there are equivalent formulas ', in prenex normal form such that
(@) + () <n-1

If neither ¢’ nor ¢’ starts with a quantifier, then by definition of the prenex
normal form, they contain no quantifiers. Then ¥ = ¢’ V 4’ is in prenex normal
form, equivalent to ® and its complexity is at most n. In this case, ¥ also does not
contain any quantifier.

Suppose instead that one of ¢’ or ¢’ starts with a quantifier. Without loss of
genericity, suppose ¢’ is in the form QZ[y1, ..., om], with Q polarized.

If Q is positive in some argument %, then by Lemma 3.4, QF[¢1, ..., om] V¢’ is
equivalent to QZ[...,¢; V1, ...], provided we rename the variables bound by Q so
that there is no conflict with variables in ¢). We have >7", c(¢;) < c(¢') — 1, thus:

clpi V) + D clpy) <el@) +e(@) <n—1
i

If instead Q is negative in some argument 4, then by Lemma 3.4, QF[p1, ..., ©m]V
¥’ is equivalent to QF[..., p; A ', ...], again renaming bound variables if needed.
The complexity of the resulting formula is the same as above, since c¢(¢; A ') =
c(pi V')

In either case, we can use our induction hypothesis on every ¢;, ¢; V 9" and
p; A=’ exactly as in cases 1. and 2.. This means that there are formulas in prenex
normal form 1, ..., ¥, such that ¢’ V¢’ is equivalent to ¥ = QF[t)1, ..., ¥ ], and
Z;.nzl c(¥;) < n—1. Additionally, by hypothesis all quantifiers in 91, ..., ¥, are also
polarized. Thus, ¥ is equivalent to @, is of complexity at most n, and since every
1; is in prenex normal form, ¥ is also in prenex normal form.

4. B = (o V).

In this case, ® is equivalent to - A —1). Since c(—p) = ¢(¢) < n and c(—) =
¢(y) < n, we can apply the induction hypothesis: there are ¢’, ¢’ in prenex normal
form such that ® is equivalent to ¢’ A'.

If neither ¢’ nor 7’ starts with a quantifier, then ¢’ A 1)’ is already in prenex
normal form, and its complexity is at most n. Else, if either ¢’ or v’ starts with a
quantifier @, using the same reasoning as before, we obtain that there are 11, ..., ¥,
formulas in prenex normal form, such that ® is equivalent to ¥ = QF[¢)1, ..., Y],
with 327 e(y;) <n— 1.

5. D=p A or ®==(pA).
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These cases are treated in the exact same way as ¢ V1 and =(¢ V1), using the
other equivalences from Lemma 3.4.

6. ® = p — 1 is treated as = V 1, and is covered by the other cases.

By induction, we obtain that for all n, every formula ® of complexity n whose quantifiers
are polarized has an equivalent formula ¥ in prenex normal form of complexity at most n.
Since in the process of transforming ® into ¥, for every quantifier in ®, we either leave it
unchanged or transform it into one of its dual Qdi in a way that Qdi is also polarized, it
results that the only quantifiers appearing in ¥ are those of ® or duals of quantifiers in &,
and that they are also all polarized. O
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